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ON THE PROBLEM OF TERMINATING A GAME AT THE
FIRST INSTANCE OF ABSORPTION*

V.I., UKHOBOTQV

The sufficient conditions are established for terminating a game at the
first instant of absorption /l1/. The satisfaction of these conditions
ensures the termination of the integration procedure /2/, using the
operator of programmed absorption at the first step., Examples are given.

1. The concept of the first instant of absorption was introduced in /1/. The possibility
of terminating a game in a number of cases in a time equal to the duration of the first instant
of absorption was shown in /3/. With the introduction of the operator T of programmed
absorption /4~6/, the possibility of terminating a game with the terminal set X in a time
equal to the duration of the first instant of absorption follows from the inclusion

TP (T XND TP (X)), t<{v < (t.1)
The form of operator T depends on the class of admissible programmed controls of the
players /5/.
Consider a game formulated as follows. The game phase space Z, a segment [a, bl of the
numerical axis, and the sets P and @ of controls are specified., With each position z2& 2
and each pair of numbers a ! <t b we place in correspondence the set V{3, ¢, 1) of
programmed controls & [, ©l— @ of the second player. With each programmed control v (-) of that

set we place in correspondence some set U (z, ¢, v, v(.)) of programmed controls u: ¢, 1]l = P of the
first player.

The transition rule is specified according to which for any initial position z and initial
instant of time ¢ & [a, bl a new position is obtained

z(T)=gl“(z' U(')., u('))! VU(')EV(Z? tv T)v Vu(-)EEU(z., t' Ty U('))y t<t<b (1-2)
Using transition rule (1.2), we construct the operator of programmed absorption in the
following manner /4-6/. Let a<{t<{t<b and M Z, and the point z& T, (M) if an only
if for any control v{-)&=V{s t, ) control u(-)e=U{z ¢, 1, v(-)) exists for which the point
z{t) (1.2) belongs to the set ¥. From this definition it follows that
MCY=T~MCT YY) (1.3)

The sufficient conditions for realizing the inclusion (1.1) can be obtained in a number
of cases using the following theorem. Let Z be a linear space and F;:222% i=1,2,3 and
L; 122222 j=1,2 be a multivalued mapping that satisfies the condition

MCY=sF,MCF YY) i=1, 2 (1.4)

Theorem. Let the set X be convex and the mappings F; and L; be such that: 1) for any
sets M and ¥ from Z the inclusion F, (M + YVVDOF, M)+ L; (Y), i =1, 2is satisfied, and 2)
a number 0 <A <1 exists such that
Fy(Ly OWX) DM (X), Ly (Fy (1 =M X)) D —M)Fy (X) (1.5)
Then the inclusion
Fi(F (XD DF(X) 1.6
is satisfied.
proof. From the inclusion (1.4) and the conditions of the theorem we have a chain of
inclusions
Fo (Fy (X)) = Fy (F, X + (1 — 1) X)) D Fi (Ly AX)) +
Fo (0 —3) X) D Fy (L AWX) + Ly (Fa (1 =M XN D
Ay (X) + (1 =M Fy (@) DF(X)

Let us apply this theorem to some specific classes of games.

*prikl.Matem,Mekhan.,48,6,892-897,1984

650



651

2., Consider a game with the simple motion /4, 7/
2= —flu, ), vEQC R, usPP)C R zER" 2.1)
Let the sets V{z, ¢, 1) and U (s t, %, v {-)) be the totality of constant controls u:[i, 1] — Q
and u: |t, T}~ P(v). Then writing down the solution of (2.1} for the constant controls, and
using the definition of the operator T, we obtain
TrM)=NeM+(x—0F @), v=0Q 2.2)
F)={z=R" z=f(@ 1), u&PE)
Let the set V (2, 2, T} be the totality of constant controls p: [t tI—+ @, and U, & 1,
v{-)) the totality of piecewise constant controls u: {f, 7l - P (v). In this case
oMy =M + (t —t}eo F (v}, v=¢ (2.3
1f Vi ¢, 1) and U (3, &, 1, v(-)) are sets of piecewise constant controls u: [f, t]-—Q and
uE =P @EE) tLs<<T, then
K
To(My= Moy, (M + (=10 Z hyco F () (2.4)
EE0S
The interaction is taken over all sets vy, ..., v from @, %y« Ay M0, A4 ..+
‘hk = 1.
The mappings (2.2)-(2,4) have the following properties:

TeM+Y)D T (M) + Y, T (WM) = ATP (M) 2.5)
TA(( —MMy=(1 - TP (M), h=(1 —0/(p —~1)
Using the notation Fy(M)=Tgs M), F,(M)=T> M), FoMy=T> (M), Liy{My=M, we

obtain from property (2.5) the inclusion (1.5). Hence, when X is a convex set, the mappings
(2.2)-(2.4) satisfy the inclusion (1.1). From this it follows that when set X is convex, the

inclusion
Nw (Mo (X + 6,F (©)) + 0,F () D N (X + {0y + 63} F () (2.6)

is satisfied. Here w and v are taken from {, and the numbers 0,>0,0,>0. Let N be a
convex set., Let us determine the conditions for the numbers o¢;>0 so that the inclusion
Nu {Ne ¥ + 03N 4 6,F ) + o N + o, F () D 2.7
NelY + (05 + 0)) N + (01 + 0,)F (v))
is satisfied., Por a convex set Y the inclusion (2.7) is satisfied, if
040; >> 0,0, (2.8)
Indeed, if o¢,=0, the left side of inclusion {(2,7) has the form of the left side of
inclusion (2.6) when X =Y+ oN. If ¢,=0, the inclusion (2.7) becomes an equation., Let
60, >0 then, as follows from (2.8), we have ¢, > 0. With the notation 6 = (0y0,)/0; the left
side of inclusion (2.7) has the form of the left side of inclusion (2,6) when X =Y (0, — 8N
and (8/0,) N 4 F (v) is substituted for F (v). When these expressions are in the right side of
inclusion (2.6), we obtain the right side of inclusion (2.7).

Inclusion (2.7) may be used to obtain the sufficient conditions for (1.1) to be satisfied
in differential games of the form

o= ey Uy — (1) f Uy, V), vE0Q, yy &N, u, = P () 2.9

where o; and «, are non-negative continuous functions :z & R™. I1f, for example, the admissible
controls of the players are considered in the class of constants, then

TE(X) = Mo (X + <" N+ <™ F (v)) (2.10)
Here and subsequently

4
et ={zirdr

This shows that the left side of relation (1,1) has the form of the left side of inclusion
(2.7) when 61,3 = (%, % 0y, 5 = {02,1),". Hence for the image of (2.10) for any convex set
XC&R® the inclusion (1.,1) is satisfied when the condition that corresponds to (2.8) is
satisfied,

3. Let us consider a game whose equations of motion have the form

=l o v+ (tlu, 2ERY, =QC R, ue S (3.1)
where A° is a constant skew-symmetric matrix, v, is the scalar control restrained by the
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constraint |v |1, the functions g, [a, bl R are continuous and non-negative, the convex

compactum () contains a zero vector, and S is the Euclidean sphere of unit radius in space R"

Example. The first player has a simple motion in the 2,y plane, with its velocity
limited in magnitude ()% {y,)°< 1. We introduce the variable ¢ to denote the direction of
motion of the second player, and write its equation of motion in the form &, == v sing, y, =

vscosp, ¢ = v, /8/, Unlike in /8/ we assume that 0< v v. If we change to the variables

2, = (&y — I3} €08 @ — {y; — y,) 8in @
7y = (2 — 23) iR @+ (y; — yy) cO8 @

we obtain an equation of the form (3.1).

Let us write the classes of admissible controls of the players. The number O0<{v <1
is specified. Each admissible control v (r) = (v, (r), v, (r)) from the set V(z ¢, 1) has the form
v, () | < 1, the control w (r) is measurable, when t<{r<{ ({1 —v)t4+vi=1 (v) we have v, (r) =
0, when » (r)=0, v,{r)e=@, the control u,(r) is measurable when t(V)<r<t.

The meaning of such a control in this example is as follows: at the beginning the second
player remains in place but alters the direction ¢, and then moves along a straight line.

The ratio of time taken to alter the direction ¢ to the time the point moves along the
straight line is always constant,

We assume that the set U (z, ¢, 1, v (-)) of admissible controls of the first player consists
of all measurable functions u: i#, tl-» 8. The rule of transition (1.2) for the admissible
controls described is obtained from system (3.1) by using the Cauchy formula

2 (¥) = A (@ () + {4 (@b + au)i®), 4 1) = o & (3.2)

From the equation A =4 (W), t (M) <r v and formula (3.2), taking into account the
form of the control v, (r), we have

z (T) = eAUOD (z () + e~AGOD <(ylyz>§(v) + e Aayudyt) 3.3
wWe further have

{z = B™ z = {edauud s, u: (8, 1] = 8§} = {a)*S (3.4}
{z = R™ z = {Wdicn, 1o [E V), 1] = Q) = adim@
(B:B=A@E®), vp lt, tO)] =11, 1} = {B =yd> |y | <v {t— B}

In these formulae the functions u, b, V; are assumed to be measurable. In the first of
equations (3.4) the skew-symmetry of matrix A4° is used.
From the definition of the mapping of T and from formulae (3.3) and (3.4) we obtain

THMy= ), e¥8° (M - {ad " D X LM ), 1ol vt —1 (3.5
: LI i @) <V } L

23 4
RN P S g N v HE- 2

where the symbol % denotes the geometric difference of sets /9/. We fix the arbitrary sets
P, R", and with 82»0,0> 0, y>>0 use the notation

B(M, 8, a, ) = N & (M + oP)) 29P,;), [y |8 (3.6)
Statement. When £ > (0 the inclusion
B (B (SS, 82* Va2r Vz)» 6h Y1s ?1) D B {381 61 + ‘52, Y1 '+‘ Yoy Vi '§‘ Yg) (37)

is satisfied.

Proof. We put

From (3.6) it then follows that

Fi{dl -+ 7)o Fi (3 — Li (1
e notation A =17/ (y,+ vy and F,(S) for the right side of the inclusion {(3.7).
ollows from {(3.6) and (3.8) that

5
e ]
@
=0

Liy(F((1 —Me8)=B((1~0eS, &+ 8 ya Vi) =(1~ A) Fy(e8)

f the matrix * there follows the invariance of the set fS, >0

T +ha cbn‘.:_ﬂ(mnf’ﬂr
FXOM THEe SAew=SYymallXIy

o
relative to representation L;. Hence
Fi{ly (e Sy = Fy (e$) D B (ReS, 8y = g V1. T = AF, (28)

and according to the theorem the inclusion (3.7) is satisfied.
If we now set P, =S§ in (3.6), the equation
Ny

B(M,5.0,7)=8(M +pS. 0,0 —p. 7.0 p<o

.
[
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will be satisfied.
Let us determine the conditions under which in this case the inclusion

B (B (eS, 8, 0y ¥2), 81, 61, 1) DB (S, 6, + 8, 0,4+ 0 ¥+ Vo) (3.10)
is satisfied.
Statement 2, When P, =S, the inclusion (3.10) is satisfied, if

O3¥1 == O1V2 (3.11)

Proof, Let vy, =0. Then the inclusion (3,10) follows from the form of set (3.6).

Let >0 Then using the notation P = (g,v.)/1:» Wwe have from (3.9) that B (eS, §,, o0y, 7o) =
B((e + a3 — B) S, 85, B, 72). It follows from this and (3.6) that the left side of inclusion (3.10)
is the same as the left side of (3.7), when we substitute in it e+ o —p for e and (Bly)S
for Py. With this substitution, taking into account the form of the number B, we find
that the right side of inclusion (3.7) is the same as the right side of inclusion (3,.10).

From the inequality (3.11) and formula (3.5) we obtain the sufficient conditions for
satisfying inclusion (1.1) when X =&S. This condition has the form

e <ndiy > @D <adhy, TW) = (1 —v) T+ vb (3.12)
This inequality is satisfied, when the functions a; are constant.

4, Linear differential games with a fixed instant of termination can be reduced by the
change of variables /3/ to a game with simple motion.
Let the equations of motion have the form

f=—u+v+f@t), usP@), veEQW), zER (4.1)

The sets P (f) and Q (f) are compacta for each ¢ [a, bl in R™, Lebesgue measurable, and
in the segment [a, b] depend on t. A function D (f) >0 exists in that segment, such that
the sets P (f) and Q (!) are contained in a sphere of radius D () whose centre is at the origin
of coordinates, The measurable function f: [a, bl - R™ satisfies the constraint |[f ()| << D (2).

Suppose the sets V(z, ¢, 1) and U (s ¢, 1, v (-)) are the totality of measurable controls
v: {¢, 1] —> R® and u: [¢, 1] - R™ that satisfy the inclusions v ()= Q {r) and u(r)= P(r). 1In that

case
T (M)y= R (M) + O BE(My= (M +(P)")2| (QX°

From this we can obtain that the inclusion (1l.l1l) is satisfied, if

Ry (R (X)) D R (X) (4.2)

Statement 3, Let convex sets P; and @; and a number O0<A <1 exist such that
<P>tb = Pl + P29 <0>11 = Ql + 02 (43)
(1 — AP =Py, A = (1 —M @, (4.4)

Then the inclusion (4.2) is satisfied for a convex set X.

Proof, We use the notation X,= X+ P,. Then from (4.2) and (4.3), and the properties
of the geometrical difference A X (B+ ()= (A2 B)2(C we obtain

RERE(XN)=N2Gy, N=(X3P) 2L+ P20 (4.5)
Taking irto account the convexity of the set X,, we conclude that
ND(t~ M X+ P) 2Ot + (AX, + <Py 2@ (4.6)

From (4.4) it follows that
POTDARPH + Py)y, PLD (L —X) (P’ + Py
MO 4+ Q) D Q<@ T (1 —4) (kO + Q)
From here and (4,6) we have the inclusion
N2 (X, <P L) 2 (@0 + Q)

From this, taking into account X, = X + P, and the relations (4.3) we obtain that the
right sides of the first of equations (4.5) contains the set

(X + Py - (P> 4+ P 2 (Q° 4 Q1 + Qo) = Ty (X)
Consider the case when for all :(<<1<)b
Py [T = A, o <@ "), @, T =B (B, .., B (4.7)

where o;(r) and §;(r) are continuous non-negative functions, and the sets 4 (@) and B () for
each array of non-negative sets of the numbers a=(a,... a) and B=(By.-... Bw) are convex and
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have the following linear properties:

Agt+ oty =4 (@) + 4 (@), 34 (@) = 4 Qa), A > 0
BE +pH=B@Y+ B (B, AB () =B (AB), A >0

From formulae (4.7) and (4.8) it follows that conditions (3.4) and (4.4) will be satisfied,
if there are numbers 0<A<1,a;2 0,0 >0 such that

(4.8)

(4 — &) <o = haty, @i <yt i=4, ...k
ABpS =01 =N B B<<Bpfi=1...um
These conditions will be satisfied, if for all i=1,...,k and j=1,..., m we have

R . T
et <hcapd, ABpd < Bpt 0Cr <t

From here we cgbtain the condition which when satisfied results in the satisfaction of
(4.3) and (4.4)

maxi (<air ey < ming Bpe*iBp) (4.9}
We shall now give some examples of multivalued functions that satisfy (4.8). If 4,.... 4y
are convex cempacts in R®, then A4 {x)=x4,+ ...+ azd; satisfies the condition (4.8).
Let 4;,i=1,..,n+1 be defined by the scalar product of inequalities (z,z)<<1 in R&».
Here z,,..., 2, 2,, are vectors from A" and the first of them are linearly independent, and the
coefficients f; in expansion gz, = iz, + ... + /a3n are negative.
Consider the set
A (@ oty = N4 =t B @) <o, i=1,...,n4 1} (4.10)

in which a; are non-negative. Then, as shown in /10/, the set (4,10) satisfies condition (4.8).
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SINGULAR PERTURBATIONS IN A CLASS OF PROBLEMS OF OPTIMAL
CONTROL WITH INTEGRAL CONVEX CRITERION*

T.R. GICHEV

The problem of optimal control is investigated with a linear law of motion
and convex quality criterion. A small positive parameter appears in front
of the derivatives of some of the unknowns in the law of motion. The
behaviour of the optimal solution is studied when the small parameter
approaches zero with some assumptions that are different from thos
encountered in the literature.

1. Controlled objects whose law of motion is
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